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Abstract
In this note we correct the statement related to the regularity characterization of parameter functions and
give some related new results.
© 2008 Elsevier Inc. All rights reserved.
1. Correction to Theorem 2.3 in [1]
Unlike the one-dimensional setting, in the case of higher dimensions d  2, there is a slip
in the proof of Theorem 2.3 in [1]. The main goal of this is to correct this. Using the notations
in [1], for n 1 consider the Euler operator Wn = Wn(k) defined in Pn by
Wn(p) = (n + γ )p −
∑
α∈R+
k(α)Lσαp, p ∈ Pn,
where R+ is a positive root system and for g ∈ G, Lg is defined in the space Pn of homogeneous
polynomials of degree n by
(Lgp)(x) = p(gx), x ∈ Rd .
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for 2 n 2
∑
α∈R+ |kα|. Then in the statement of Theorem 2.1 (and hence in the “only if”-part
of the statement of Theorem A) in [1], the set M reg should be replaced by M reg ∩ M∗. This is
not a significant restriction since in general M∗ contains all the elements k of M with real part
greater than or equal to 0 as shown in the next section below.
Using Lemma 2.2 of [1], we see that under these assumptions all the statement of Theorem 2.3
of [1] (and hence in the “only if”-part of the statement of Theorem A) is correct.
2. Invertibility of Euler operator
An easy calculation shows that
Tx(p)(x) = Wn(p)(x) (2.1)
for all p ∈ Pn and x ∈ Rd .
Proposition 2.1. The following are equivalent.
(i) Wn is invertible.
(ii) There exists cn : G → C, satisfying
∑
g∈G
cn(g)Tgx(p)(gx) = p(x), ∀p ∈ Pn, ∀x ∈ Rd . (2.2)
Proof. From (2.1) we have clearly that (ii) ⇒ (i). Conversely, suppose that Wn = Wn(k) is in-
vertible in Pn. Since Wn is contained in the algebra spanned by Lg , g ∈ G then W−1n lies in the
same algebra and then there exists cn : G → C such that
W−1n =
∑
g∈G
cn(g)Lg.
This leads to
∑
g∈G
cn(g)Lg
(
Wn(p)
)= p, ∀p ∈ Pn,
and this shows that (i) ⇔ (ii). 
To give interesting examples showing that the class M∗ is very large, we consider the com-
plex vector space C|G| equipped with its canonical basis (eg)g∈G. For g ∈ G let Ag be the
endomorphism of C|G| defined by Ag(eg′) = egg′, g′ ∈ G. We consider the endomorphism
Bk =∑α∈R+ kα(1 − Aσα) of C|G|.
Proposition 2.2. Suppose that n is a positive integer. If −n is not an eigenvalue of the matrix Bk ,
then Wn is invertible.
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∑
g∈G
cn(g)Tgx(p)(gx) =
∑
g∈G
[
(n + γ )cn(g) −
∑
α∈R+
k(α)cn(σαg)
]
p(gx) (2.3)
for p ∈ Pn and x ∈ Rd . If −n is not an eigenvalue of the matrix Bk , then there is an element
Xn =∑g∈G cn(g)eg of C|G| such that (n + Bk)Xn = eI . From this it follows that
(n + γ )cn(g) −
∑
α∈R+
k(α)cn(σαg) = δ1,g, ∀g ∈ G, (2.4)
so by (2.3) we see that
∑
g∈G
cn(g)Tgx(p)(gx) = p(x)
for p ∈ Pn and x ∈ Rd . By Proposition 2.1 we see that Wn is invertible. 
Suppose that λ is an eigenvalue of B(k) and let Eλ denote the corresponding eigensubspace
of C|G|. It follows that the dimension dλ of Eλ satisfies 1  dα . Since B(k) commutes with
the Aσα , α ∈ R, it follows that Eλ is an invariant subspace of 1 −Aσα for all α ∈ R+. In addition,
1
2 (1−Aσα) is a projection and thus the trace of its restriction πλ,α to Eλ is equal to the dimension
dλ,α of the image πλ,α(Eλ). Therefore,
λ =
∑
α∈R+
k(α)
dλ,α
dλ
. (2.5)
By Proposition 2.2 and the latter equality it follows:
Corollary 2.3. The Euler operator Wn(k) is invertible for all n  1 in each of the following
cases:
(i) Re k(α) 0, for all α ∈ R+.
(ii) Im k(α) > 0, for all α ∈ R+.
(iii) Im k(α) < 0, for all α ∈ R+.
In particular, in each of the above cases the parameter function k must be regular.
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